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The low resolution epistasis mapping approach employed here uses markers from two de-162 fined regions, i and i , to calculate additive covariance between individuals based on those 163 regions (i.e K i and K i ∀ i = i ). The Hadamard product of these additive covariance 164 matrices can be used to produce the pairwise additive by additive epistatic relationship, 165 K i×i = K i K i , between these two regions (Henderson 1985; Martini et al. 2016) . In this 166 study, we defined regions as the short (S) and long (L) arms of each chromosome, where 167 i ∈ {1AS, 1AL, 1BS, . . . , 7BL, 7DS, 7DL}. Variance components for each region and their 168 respective interaction were estimated by fitting the following nested models
where g A i ∼ N (0, σ 2 a i K i ), g A i ∼ N (0, σ 2 a i K i ) and g A i ×A i ∼ N (0, σ 2 a i ×a i K i×i ). g G − and 170 g I − were modeled as previously described in Santantonio et al. (Santantonio, Jannink, and 171 Sorrells 2018b, equation 5), but with markers belonging to region i and i removed prior to 172 calculating the covariances. , and is uniformly most powerful (UMP).
178
BLUPs were subsequently used to look for patterns between additive and interaction 179 effects for the chromosome arm pair. The pairwise product of the additive chromosome 180 arm BLUPs was then compared to the chromosome arm interaction BLUPs, in a manner 181 analogous to the Additive × Additive single locus model (Hill, Goddard, and Visscher 2008; Santantonio, Jannink, and Sorrells 2018a) . Negative associations should indicate a less 183 than additive model, whereas positive relationships would demonstrate a more than additive 184 epistatic effect. 185 When a variance parameter is very close to zero, parameter estimates are unreliable, and 186 were therefore considered to be zero. Markers were oriented by minor allele frequency as it 187 was unclear how to apply the previous orientation schemes to multiple sets of markers. It is 188 not clear what effect, if any, this orientation had on the estimates of interaction effects.
189
For the 14 three-way homeologous arm sets, a three-way interaction was included and 190 tested against a model with only the three two-way interaction terms. We did not attempt to 191 run all three-way chromosome arm combinations, as this would have been computationally 192 infeasible, with 42 3 = 11, 480 combinations. The Hadamard product of the three additive 193 covariance matrices was used to produce the three-way additive by additive by additive 194 epistatic relationship, K i×i ×i = K i K i K i . The following two models were fit to test 195 the three-way interaction.
The likelihood ratio test was then used to determine if adding the three-way interaction 197 term significantly improved the model fit beyond the two-way interaction terms. All data used for this study can be found in (Santantonio, Jannink, and Sorrells 2018b). Figure S1 ). Chromosomes 1D and 4A 211 were exceptions. We estimated the 3B centromere to be positioned between 347.3 Mbp and 212 347.9 Mbp ( Supplemental Table S1 ). Homeologous chromosome arm pair models each had five random genetic effects and therefore 215 five covariance structures for the two-way interaction models. All models converged, but 216 some variance parameter estimates were often close to the parameter boundary and were 217 considered to be zero. Variance component estimates on the boundary did not occur for the (0, 0.045) * * * 0.025 * 0.14 * * * HD 7BS 7DS (0.013, 0.054) * * * 0.012 * 0.29 * * * a h 2 represents the proportion of the chromosome arm additive or interaction variance component estimates to the total genetic variance. b ρ indicates the correlation between the product of the additive arm effects and their interaction effect with correlation coefficients significantly different from zero indicated by stars. If only one additive effect had a non-zero variance, the correlation coefficient shown is the correlation between the additive effect with the non-zero variance and the interaction effect.
* , * * , and * * * correspond to p-values < 0.05, 0.01, and a Bonferroni correction of 0.05/42 = 0.0012, respectively.
The U-shaped distribution of the p-values suggested that when the true variance was very small or zero, the average information algorithm estimated the parameter on the boundary 228 (i.e. 0), and when it was positive, the p-value tended to be low. Larger sample sizes may 229 be necessary to obtain uniform p-value distributions when the null hypothesis is true. We 230 therefore considered all homeologous arm pairs with an interaction variance p-value less 231 than 0.05 that also had positive additive variance component estimates to determine the 232 relationship between additive chromosome arm effects and their interaction.
233
Seventeen homeologous chromosome arm pairs had significant interaction effects for at 234 least one of the four traits (Table 1 and Supplemental Figure S3 ). Interactions involving 235 homeologs 4 and 7 were overrepresented, with 14 of the 22 significant interactions identi-236 fied between one of these two homeologs. Despite significant pairwise homeologous marker 237 interactions found on chromosome homeologs 1 and 5 for HD and homeolog 3 for PH (Santan-238 tonio, Jannink, and Sorrells 2018a), chromosome arm pair tests failed to detect the significant 239 homeologous marker set interactions on those arms. The failure to detect these significant 240 regions using the chromosome arm test suggests that these are either spurious associations, 241 or their signal is being washed out by the abundance of uninformative markers on those 242 chromosome arms. The lack of a two-way arm interactions PH interaction on chromosome 243 arm 3S agrees with the homeologous marker set identified there, where only the three-way 244 homeologous marker set interaction term was significant.
245
The test for three-way homeologous chromosome arm interactions only revealed three 246 sets of homeologous arms that had a significant three-way interaction ( Table 2 ). The three-247 way 3S chromosome arm interaction for PH was found to have a positive three-way arm 248 interaction variance parameter estimate with a p-value of p = 0.02, supporting the evidence 249 from the homeologous marker set on 3S. The 7L three-way arm interaction term was also 250 found to have a low p-value for TW of p = 0.006, also confirming the significant three-way 251 homeologous marker set found there.
252
Many interactions were detected on chromosome arms where no homeologous marker sets 253 were identified with a significant interaction effect. Notably, a strong interaction effect was Table 3 of significant chromosome arm interactions. Figure 3 : Chromosome arm interactions significant at a Bonferroni correction of 0.05/861 = 5.8 × 10 −5 . Blue and red bridges indicate interactions with a significant positive or negative correlation between the product of the additive effects and their interaction effect, respectively. Black bridges indicate significant interactions that did not have a significant correlation between additive products and the interaction effect. ary, the p-value becomes one simply due to the fact that the variance component is zero.
305
This is likely due to a lack of sufficient population size to distinguish and resolve multiple 306 small variance components. Perhaps another explanation may be provided by the use of the 307 the average information algorithm to fit the mixed model, which may lose a small portion of 308 information by avoiding the calculation of the second derivative of the likelihood function.
309
While other algorithms exist for solving REML problems, the computational burden of re-310 solving multiple variance components with dense covariance structures may be restrictive.
311
Further investigation is necessary to determine how large a population need be to resolve 312 multiple genetic variance parameters with magnitudes of 1% or less of the total variance. for TW. This provides evidence that the pattern is not simply a genetic artifact and may 321 indicate differential gene function for these two traits.
322
A negative correlation for PH was not observed for the 4BS/4DS chromosome arm pair, as 323 might be expected from previous results for the Rht-1 genes that reside on those chromosome 324 arms. This casts some doubt on the usefulness of these correlations to infer the direction of 325 the epistatic effect. It is unclear if the missing double-dwarf genotype is contributing to this 326 positive correlation in the CNLM population. The relationship between the product of the 327 additive effects and the interaction was thought to mirror the {−1, 1} Additive × Additive 328 epistatic model using a multi-locus approach, but it is unclear what is driving these trends.
For inbred allopolyploids, multi-subunit protein complexes can be comprised of genes from a single subgenome, or from multiple subgenomes. If functional copies of subunits exist on both genomes, the formation of subgenome hetero-complexes may occur. Protein 332 complexes comprised of evolutionarily divergent subunits may have increased or, more likely, 333 decreased functionality. If heterocomplexes display decreased functionality, then we would 334 expect the relationship between the additive and epistatic effects to be negative. 335 It is unlikely that all homeologous interactions are so large in effect that they are quickly 336 fixed after the hybridization event. The distribution of epistatic effects is likely similar in 337 shape to the distribution of additive effects. These distributions will change based on the 338 complexity of the trait. If a trait is governed by relatively few loci, the relatively few epistatic 339 interactions could have larger effects, and may be easier to detect. In contrast, a distribution 340 of effects with many small non-zero effects may have many more non-zero epistatic effects, 341 but are too small to detect. 342 5.4 All pairwise arm tests 343 PH appears to exhibit a higher degree of epistasis than either TW or HD. However, the 344 number of interacting loci or chromosome arms detected was not directly related to the ob-345 served increase in genomic prediction accuracy (Santantonio, Jannink, and Sorrells 2018b).
346
HD had the largest percent increase in accuracy from the additive only model by includ-347 ing all pairwise additive by additive interactions, yet had the fewest detectable interacting 348 chromosome arms, other than GY. GY showed no evidence of epistasis controlling the trait.
349
This may be due to one of two explanations. The first and most obvious is that grain yield 350 is not subject to epistatic gene action. This would mean that all genes contribute additively 351 to the collection and allocation of resources to vegetative tissue, and then reallocation to the 352 ear during flowering and grain fill. The second and more likely explanation is that GY is 353 the culmination of essentially all the genes working in concert to produce the final outcome, 354 and interactions with such small effects may simply be too small to detect (Xu and Jia 2007; While we corrected for population structure on both the additive and epistatic levels (i.e using additive and additive by additive genetic covariance terms), it is possible that Gu, Zuguang et al. (2014) . "circlize implements and enhances circular visualization in R". Table S1 : Table of centromere Figure S3 : Homeologous chromosome arm interactions significant at p < 0.05. Blue and red bridges indicate interactions with a significant positive or negative correlation between the product of the additive effects and their interaction effect, respectively. Black bridges indicate significant interactions that did not have a significant correlation between additive products and the interaction effect. 
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